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Using holography we have studied the evolution of Wilson loop of a quark-antiquark pair in a
dynamical strongly coupled plasma. The time-dependent plasma, whose dynamics is originated from
the energy injection, is dual to AdS-Vaidya background. The quark-antiquark pair is represented
by the endpoints of a string stretched from the boundary to the bulk. The evolution of the system
is studied by evaluating the expectation value of the Wilson loop, throughout the process. Our
results show that the evolution of Wilson loop depends on the speed of injecting energy as well as
the final temperature of the plasma. For high enough temperatures and rapid energy injection, it
starts oscillating around its equilibrium value, immediately after the injection.
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I. INTRODUCTION
Quark-Gluon Plasma (QGP) is produced at RHIC and
LHC by colliding heavy ions, such as gold and lead,
at relativistic speeds. Experimental results approve the
idea that the plasma is strongly coupled [1–3]. To de-
scribe the properties of such strongly coupled plasma
the usual techniques such as lattice gauge theory seem
to be not adequate, especially when it comes to real
time calculations. An appropriate candidate to study
strongly coupled gauge theories with holographic dual is
gauge/gravity duality [3–5]. A well-known example of
this duality is AdS/CFT correspondence in which string
theory on AdS5 × S5 is dual to N = 4 SYM theory in
four dimensions. In the holographic picture the vacuum
(thermal state) in gauge theory is dual to pure AdS (AdS-
black hole) background.
∗m−aliakbari@sbu.ac.ir
†charmchi@ipm.ir
‡davody@ipm.ir
§hebrahim@ut.ac.ir
¶l.shahkarami@du.ac.ir
In addition to quarks and gluons, there are stable
mesons living in QGP. The potential between quark and
antiquark (QQ¯) in QGP at zero as well as non-zero tem-
perature has been evaluated, in the static background
[6, 7]. The result has been obtained using the holo-
graphic picture where the heavy mesons are explained
by a string stretched inside the bulk with both endpoints
on the boundary. The endpoints of the string represent
quark and antiquark.
At the early stages of heavy ion collision the system is
out-of-equilibrium. Studying such time-dependent sys-
tems have attracted a lot of attention in the last decade
[8, 10]. Time-dependence and strong coupling nature of
the system are two obstacles that make describing it even
more difficult. Interestingly in the holographic frame-
work people have been able to tackle the problem, to
some extent, and explain the process of plasma forma-
tion in the gauge theory by black hole formation in the
gravity dual [8]. In this paper we identify this process by
Vaidya metric in the bulk dual and study the evolution
of Wilson loop in such time-dependent background.
II. REVIEW ON STRING IN STATIC
BACKGROUND
It is well-known that the static potential energy be-
tween a quark and an antiquark is found by evaluating
the Wilson loop on a closed path, C, where the length of
time direction is much larger than the distance between
the quarks, T  l [14] [3, 6]. In this limit the Wilson
loop takes the following form
〈W (C)〉 = e−i(2m+V (l))T , (1)
where m is the rest mass of the quarks and V (l) is the
potential energy between them. In the strong-coupling
regime, holographic picture can be applied to evaluate
potential energy of quark-antiquark pair. According to
holographic dictionary the expectation value of Wilson
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2FIG. 1: The static potential energy between the quark-
antiquark pair with respect to temperature. The negative
value of the potential energy indicates that the pair is sta-
ble. Tc is the temperature of the plasma at which the quark-
antiquark pair becomes unstable and dissociates. l is assumed
to be one.
loop is dual to the on-shell action of a string with its
endpoints separated by distance l. In other words [6]
〈W (C)〉 = eiS(C). (2)
S is the Nambu-Goto action describing dynamics of the
string in an arbitrary background which is given by
S =
−1
2piα′
∫
C
dτdσ
√
−det(gab). (3)
where the induced metric is defined by gab =
GMN∂aX
M∂bX
N . XM (xa) denotes the space-time
(world-sheet) coordinates and GMN is the background
metric.
Using the above idea the potential energy of quark-
antiquark pair living in the N = 4 quark-gluon plasma
has been extensively studied in the literature. The holo-
graphic dual of the plasma is described by the AdS-
Shwartschild black hole background and a heavy meson
is identified with a string hanging from the boundary
into the bulk with its endpoints on the boundary. The
AdS-Shwartschild black hole metric is given by
ds2 =
1
z2
(−f(z)dt2 + f(z)−1dz2 + dx23)+dΩ25, (4)
where f(z) = 1 − ( zzh )4. z is the radial direction and
the boundary is located at z = 0. The horizon of
black hole is represented by zh and its Hawking tem-
perature is T = 1pizh which is identified with the temper-
ature of plasma. Field theory is living on (t,x3) coordi-
nates. If we parametrize the world-sheet coordinate as
τ = t, σ = x, the shape of string is described by z(x) in
the static background. Solving the equation of motion
with the boundary conditions z(± l2 ) = 0, we can find
the profile of the string. Knowing the string profile, it is
straightforward to compute the on-shell action. There-
fore the potential energy between the quark pair can be
computed as a function of distance between them. See
[3, 6, 7] for more details. Here we have plotted the po-
tential energy in terms of the temperature of quark-gluon
plasma in figure 1 . As it is clearly seen in this figure,
there exists a critical temperature, Tc, at which the po-
tential energy vanishes. The meson will be dissociated
when the temperature of the plasma is larger than Tc, or
in other words, the thermal energy overcomes the bind-
ing energy between the quarks. This happens because
there is another configuration made of two disconnected
straight strings stretched between the boundary and the
horizon with less energy.
The point we would like to emphasize is how to com-
pute and subtract the rest mass contribution from the
on-shell action. The rest mass of the quark is equivalent
to the energy of a straight string stretched between the
boundary and the horizon which is given by
m =
√
λ
2pi
∫ zh

dz
z2
, (5)
where λ and  are t’Hooft coupling constant and UV
cut-off, respectively [3]. As  goes to zero, m becomes
infinite. The same infinity also appears in the on-shell
action due to the UV cut-off. Subtracting the rest mass
term from the on-shell action gives the finite physical
potential energy, V (l).
In the time-dependent set-up we need to clarify more
on the method of calculating the evolution of Wilson
loop:
• The condition necessary to define the potential
in the static case (T  l) is not valid in the
time-dependent scenario and the relation (1) is not
trustable. In this case we use
〈W (C)〉 = e−i
∫
dtW(l,t), (6)
which reduces to (1) in static situation. W(l, t)
is the on-shell action with the difference that the
time coordinate is not integrated over. Similar to
the static case due to the UV cut-off (z → 0) an
infinity appears in W(l, t). In order to regularize
W(l, t) we subtract m (5) as follows
WR(l, t) = W(l, t)− 2m (7)
=
∫
dσ
(√
−det(gab)
)
on−shell
− 2m.
ThereforeW(l, t), with the divergent part removed,
is WR(l, t).
• By the evolution of Wilson loop we mean studying
the evolution of the reqularized function WR(l, t).
We will show in the following sections thatWR(l, t)
oscillates about the value of the static potential
with the same parameters after the energy injec-
tion is over.
3III. STRING IN THE VAIDYA BACKGROUND
In this section our goal is to find out how WR(l, t)
changes when the temperature of the plasma increases.
On the gravity side, this is equivalent to studying a hang-
ing string in the Vaidya background. Vaidya metric ex-
plains the black hole formation in the bulk due to the
collapse of matter, indicating an increase in the plasma
temperature due to the energy injection, via an out-of-
equilibrium process. While the temperature changes, at
each time, we calculate WR(l, t).
The Vaidya metric in Eddington-Finkelstein coordi-
nates is
ds2 =
1
z2
(−F (V, z)dV 2−2dV dz+dx23)+dΩ25, (8)
where
F (V, z) = 1−M(V )z4, (9)
and V is the time direction on the boundary. M(V ) is
the mass function of the black hole. It starts from zero
and reaches its finite value in the time interval of energy
injection and remains constant afterwards.
In order to find the time-dependentWR(l, t), similar to
the calculation done in [11–13], it is helpful to introduce
the null coordinates (u, v) on the string worldsheet. Thus
the background coordinates will depend on (u, v) and
apart from V (u, v), Z(u, v) and X(u, v), we set all other
coordinates to zero. Using the Numbo-Goto action (3)
the equations of motion for the mentioned fields become
V,uv =
(
F,Z
2
− F
Z
)
V,uV,v +
1
Z
X,uX,v , (10a)
Z,uv =
(
F 2
Z
− F
2
F,Z − 1
2
F,V
)
V,uV,v
+
(
F
Z
− F,Z
2
)
(Z,uV,v + Z,vV,u)
+
2
Z
Z,uZ,v − F
Z
X,uX,v , (10b)
X,uv =
Z,uX,v + Z,vX,u
Z
. (10c)
Notice that since we would like the u and v coordinates
to stay null, we need to impose the following constraint
equations, coming from guu = 0 and gvv = 0,
C1 =
1
Z2
(F (V,Z)V 2,u + 2V,uZ,u −X2,u) = 0, (11a)
C2 =
1
Z2
(F (V,Z)V 2,v + 2V,vZ,v −X2,v) = 0. (11b)
To determine the dynamics of the string in the Vaidya
background, we will numerically solve the equations of
motion. One can see that ∂vC1 = ∂uC2 = 0 on-shell.
Provided the initial and boundary conditions are consis-
tent with the constraint equations, this will guarantee
that the constraint equations will be satisfied during the
evolution. Thus we need to know the appropriate bound-
ary and initial conditions as we will summarize them in
the following subsections.
A. Boundary Conditions
In order to solve the equations of motion and obtain
the physical observables, we have to impose the appro-
priate boundary conditions on the AdS boundary. No-
tice that since the two endpoints of the string are on the
boundary we have to impose two sets of boundary condi-
tions, one for each endpoint. According to the discussions
in [11], by fixing the diffeomorphism on the string world-
sheet one may choose the AdS boundary to be at u = v
for one of the points and u = v + L for the other one.
The boundary condition on Z and X are simply
Z|u=v = 0 ; X|u=v = −l
2
, (12)
Z|u=v+L = 0 ; X|u=v+L = l
2
. (13)
In order to obtain the rest of the boundary conditions we
expand the fields near the boundary (u = v) as
V (u, v) = V0(v) + V1(v)(u− v) + ... , (14)
Z(u, v) = Z1(v)(u− v) + Z2(v)(u− v)2 + ... , (15)
X(u, v) =
−l
2
+X1(v)(u− v) + ... , (16)
and substitute them into the evolution equations. We do
the same for the other boundary (u = v + L) and get
similar results. By imposing the regularity condition at
u = v and u = v + L we can figure out the remaining
boundary conditions. We also have to check the consis-
tency of the results with the constraint equations. To
summarize we get the following boundary conditions at
u = v:
V (u, v) = V0(v) +O
(
(u− v)5) , (17a)
Z(u, v) =
V˙0(v)
2
(u− v) + V¨0(v)
4
(u− v)2
+
...
V 0(v)
12
(u− v)3 +O ((u− v)4) , (17b)
X(u, v) =
−l
2
+O ((u− v)3) , (17c)
which imply
Z,uv|u=v = 0, 2Z,u|u=v = V˙0(v). (18)
Similar calculations can be done for u = v+L. We refer
the interested reader to [11] for more details.
B. Initial Conditions
The space-time background is dynamical and evolves
from pure AdS to AdS-black brane. Thus, for V < 0, the
4static solution of the string hanging in the bulk of pure
AdS can be set as the initial condition. This solution has
been previously obtained in the literature, for instance
see [3] and references therein. We will redo this calcu-
lation in EF coordinate system. We choose the string
worldsheet coordinates (τ, σ) to lie along (V,X) and Z,
which describes the shape of the string, to depend on X.
Therefore the action of the string becomes
S =
−1
2piα′
∫ l
2
−l
2
dV dX
1
Z2
√
1 + Z ′2, (19)
where Z ′ = dZdX . Since the Lagrangian does not explic-
itly depend on X we can use the associated Hamiltonian,
which is the constant of motion, to obtain the static so-
lution. So we get
dZ
dX
= −Z
2
∗
Z2
√
1− Z
4
Z4∗
. (20)
Z∗ is where dZdX = 0. The minus sign has been chosen
here since we are solving the equations for the half of the
string where −l2 < X < 0.
To obtain the initial conditions for the variables V , Z
and X we use the constraint equations and the static
solution above, (20). Note that since V,v > 0 at the
boundary, therefore by using the boundary conditions
(17a) and (17b), Z,u > 0 and Z,v < 0. Applying these
conditions on Z and V derivatives and using X,u|Z=0 =
X,v|Z=0 = 0, the constraint equations (11a) and (11b)
lead to
V,u = −Z,u +
√
Z2,u +X
2
,u
= Z,u
(
− 1 +
√
1 +
(dX
dZ
)2)
, (21)
V,v = −Z,v +
√
Z2,v +X
2
,v
= Z,v
(
− 1−
√
1 +
(dX
dZ
)2)
. (22)
If we calculate the second derivative of the above equa-
tions with respect to v and u, respectively and set them
equal to each other we obtain
Z,uv
(√
1 +
(dX
dZ
)2)
+Z,vZ,u
(√
1 +
(dX
dZ
)2)
,Z
= 0.
(23)
We can recast this equation as(
Z,u
√
1 +
(dX
dZ
)2)
,v
= 0. (24)
The above equation can be solved using (20). The final
result is
Z 2F1
(
1
4
,
1
2
;
5
4
;
Z4
Z4∗
)
= φ(u)− φ(v), (25)
where φ is an arbitrary function. The sign on the right
hand side is fixed to have the left hand side equal to zero
at u = v or Z = 0.
By integrating (20) the initial condition on X(u, v) be-
comes
X(u, v) =
l
2
− Z
3
3Z2∗
2F1
(
1
2
,
3
4
;
7
4
;
Z4
Z4∗
)
, (26)
and using the fact that at Z = Z∗, X = 0 we get
Z∗ =
3Γ
(
5
4
)
2
√
piΓ
(
7
4
) l. (27)
The initial condition on V is obtained from (21) and (22)
V (u, v) = −Z
(
1− 2F1
(
1
4
,
1
2
;
5
4
;
Z4
Z4∗
))
+ χ(v), (28)
V (u, v) = −Z
(
1 + 2F1
(
1
4
,
1
2
;
5
4
;
Z4
Z4∗
))
+ χ˜(u), (29)
where χ and χ˜ are arbitrary functions. If we set the above
equations equal to each other and use (25) we obtain
these functions as
χ(v) = 2φ(v) , χ˜(u) = 2φ(u). (30)
How to fix the arbitrary function φ has been extensively
discussed in [11] which we will not go through the details
here. In our case we can choose φ(y) = y.
IV. NUMERICAL RESULTS
So far we have prepared the necessary ingredients to
solve the equations of motion in the Vaidya background.
The time-dependent function M(V ) has been selected as
M(V ) = Mf
 0 V < 0,12 [1− cos( piV∆V )] 0 ≤ V ≤ ∆V,
1 V > ∆V,
(31)
where ∆V is the time interval in which the mass of the
black hole increases from zero to the final value Mf which
is constant. Note that the radius of the event horizon is
zh = M
−1
4
f .
The equations of motion (10) are solved in the above
time-dependent background. At each instance of time we
calculate the WR(l, t).
Assuming fixed values of l and ∆V , we have plotted
the time-dependent WR(l, t) for different values of the
final temperature in figure 2. At low temperature (red
curve) the turning point of the string, Z∗, is far away
from the final horizon and therefore WR(l, t) reaches ap-
proximately a constant value and stays there afterwards.
By increasing the final temperature of the plasma (green
and blue curves) the WR(l, t) starts oscillating around
its equilibrium value more noticeably. Since the temper-
ature is higher than the previous case, the turning point
5FIG. 2: WR(l, t) with respect to the boundary time for dif-
ferent values of the temperature. In this figure we have set
∆V = 2 and l = 1. The corresponding static potentials from
top to bottom are V (l) = −0.0065104,−0.355009,−0.738675.
WR(l, t) in each curve oscillates around the corresponding
static potential.
FIG. 3: WR(l, t) with respect to the boundary time for dif-
ferent values of energy injection time interval. In this figure
we have set T = 0.23873 and l = 1. Raising ∆V decreases
the energy injection rate. The corresponding static potential
is V (l) = −0.0065104.
of the string is closer to the horizon and therefore the en-
ergy injection causes the WR(l, t) to oscillate with larger
amplitude.
The reason for these oscillations can be explained as
follows. At t = 0 the meson bound-state which is sta-
ble and in its ground state is described by the static
string stretched in the bulk with the end points on the
boundary. As the temperature is raised the shape of the
brane changes time-dependently. The turning point of
the string goes closer to the horizon as the energy is be-
ing injected. Our numerical calculations show that the
string oscillates about the string static solution corre-
sponding to the final temperature of the quench. In the
field theory description these oscillations present them-
selves as the oscillations in the time-dependent Wilson
loop, WR(l, t). These oscillations can be interpreted as if
the quench puts the meson in the excited state. This con-
clusion is reasonable regarding to the result of [11] where
the authors have studied the dynamics of the shape of
the brane in a time-dependent background. The power
spectrum of the condensation oscillations gives the ex-
cited mesonic modes in the field theory dual. Note that
in the large N limit that we have done the calculations
in this paper, the excited meson is stable since there is
no energy dissipation.
In figure 3,WR(l, t) at fixed values of l and T has been
plotted for various speeds of energy injection. The fi-
nal temperature has such value that the turning point of
the string is close to the horizon. Therefore by rapid en-
ergy injection (∆V = 1) WR(l, t) starts oscillating with
large amplitude immediately after the injection is over.
Decreasing the speed of the energy injection delays its
oscillations with smaller amplitude. We should empha-
size that the oscillations in all cases happen around the
negative equilibrium value of static potential.
Our calculations show that two independent parame-
ters affect the response of the quark pair to the energy
injection. One, as we expected, is the final temperature
of the plasma and the other is the injection speed. Re-
garding figure 2 we explained that the meson excitations
depend on the final temperature of the plasma when the
rate of the injection is held fixed. However figure 3 shows
that for the same final temperature, the excitations are
dependent on the rate of the energy injection. Therefore
excitations of the meson in the plasma seem to depend
on the temperature as well as the energy injection rate.
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